Abstract. In this paper we mainly discuss three things. First, there is no canonical norm on the space H 
Introduction
Suppose that u is a continuous function on the closure of a domain D ⊂ C n that is plurisubharmonic on D and equal to 0 on ∂D. In [2] for each r < 0 Demailly introduced a measure µ u,r supported by the set S u,r = {u = r} (see Section 2 for precise definition). Using these measures Poletsky and Stessin introduced in [6] the weighted Hardy spaces on D as the space H In the same manner the weighted Hardy spaces h p u (D) of pluriharmonic functions also can be introduced.
Recently these spaces were subjected to more detailed studies in [1, 9, 10] when D is the unit disk D. The main goal of these papers was to establish properties of weighted Hardy spaces similar to the standard properties of the classical Hardy spaces. In this paper we continue this program looking more thoroughly at the properties of boundary values.
It was proved in [6] that H * almost everywhere on T = ∂D with respect to the Lebesgue measure. It was proved in [2] that the measures µ u,r converge weak- * in C * (D) to a measure µ u supported by T when r → 0 − and it was established in [1, 9, 10] that
In Section 2 we list all necessary definitions and known facts. In Section 3 we show that the h p u -norm of an h p u -function is equal to the L p u -norm of its boundary value function. We also observe that while different exhaustion functions may define the same space it is impossible to select a canonical exhaustion determining a canonical norm. For example, if E 0 denotes the set of all exhaustions such that the measure (dd c u) n has the total mass equal to 1 and a compact support then it was proved in [6] that all Hardy spaces H p u (D) coincide when u ∈ E 0 . But as we show the intersections of unit balls in these spaces is the unit ball in
In Section 4 we show that for any function h ∈ h p u (D), p > 1, the measures {hµ u,r } converge weak- * to h * µ u in C * (D) when r → 0 − . In particular, the measures µ u,r converge weak * to µ u in the dual of h p u (D) when r → 0 − . This improves the result of Demailly mentioned above and shows that the convergence is much stronger.
In Section 5 we look at convergence of the dilations f t (z) = f (tz), 0 < t < 1, to the function f ∈ H p u (D), p > 0. In the classical case it is known that the functions 
Basic facts
Following [2] for r < 0 we set B u,r = {z ∈ D : u(z) < r} and S u,r = {z ∈ D : u(z) = r}.
As in [2] we let u r = max{u, r} and define the measure
where ∆ is the Laplace operator. Clearly µ u,r ≥ 0 and is supported by S u,r .
Let us denote by E the set of all continuous negative subharmonic exhaustion functions u on D such that D ∆u = 1.
In the same paper Demailly (see Theorems 1.7 and 3.1 there) proved the following result which we adapt to the case of D.
Theorem 1 (Lelong-Jensen formula). Let φ be a subharmonic function on D. Then φ is µ u,r -integrable for every r < 0 and
Moreover, if u ∈ E then the measures µ u,r converge weak- * in C * (D) to a measure µ u ≥ 0 supported by T as r → 0 − .
As a consequence of this theorem he derived the following.
Corollary 2.
If φ is a non-negative subharmonic function, then the function r → µ u,r (φ) is increasing on (−∞, 0).
Using the measures µ u,r , in [6] , Poletsky and Stessin introduced the weighted Hardy spaces associated with an exhaustion u ∈ E. Following [6] we define the space
By Corollary 2 we can replace the lim in the above definition with lim. By Theorem 1 and the monotone convergence theorem it follows that,
The classical Hardy spaces H p (D) correspond to the exhaustion function u(z) = log |z| ([6, Section 4]). Hence the classical definition of the Hardy spaces is subsumed in this new definition.
It is proved in [6] that: 
. It has been established (see [1] , [9] and [10] ) that the boundary measure µ u is absolutely continuous with respect to the Lebesgue measure λ on T. Here and throughout this paper λ is normalized, i.e. T dλ = 1. Hence
The function α u has the following properties:
need not to be necessarily bounded.
Norms on Hardy Spaces
Let us denote by h
We will see in the following theorem that the same holds for the functions in the new space.
Proof. The least harmonic majorant on D of the subharmonic function |h| p is the Poisson integral of |h * | p . By the Riesz Decomposition Theorem
where P is the Poisson kernel and G is the Green kernel.
By Lelong-Jensen formula and the monotone convergence theorem we have
Again by the Riesz formula,
Hence, by Fubini-Tonnelli's Theorem and the symmetry of the Green kernel
This theorem has been proved also for the functions in H p u (D) in [1] when p > 1, in [10] when p ≥ 1 and in [9] when p > 0. We mention it here for the sake of completeness.
In the proof of the theorem above we have deduced the norm of the functions
Since the directional derivative of the Green kernel in the direction of the outward unit normal vector to T is the Poisson kernel, i.e.
∂ ∂n G(z, w)| z=e iθ = P (w, e iθ ) , from the Riesz formula (2) we get
and therefore the norm can be written as
From this deduction it is clear that if u ∈ E is such that
−1 v for some constant b > 0 near T}. It has been discussed in [6] that all the exhaustions in E u generate the same weighted Hardy space H p u (D) with the equivalent norms. We want to look into whether there is a canonical exhaustion in E u determining the canonical norm on H p u (D). Let E 0 denote the set of all u ∈ E such that ∆u has a compact support in D. Then all the exhaustions in E 0 generate the same space, the classical Hardy space H p (D), with the distinct norms and this is the largest space in our class.
For u ∈ E define
Proof. The inclusion B ∞ (1) ⊂ u∈E0 B u,p (1) is clear. For the other way around,
Hence there exists A ⊂ T with λ(A) > 0 such that • |f * (e iϕ )| > 1 and
for every e iϕ ∈ A. We may suppose that 1 ∈ A. Since u(z) = D G(z, w) ∆u(w), where G(z, w) is the Green's function for the unit disk, and
Also we have for f ∈ H p u (D),
. The theorem follows.
The above theorem suggests that it is impossible to select a canonical exhaustion determining the canonical norm on H We introduce functions
where the second equality is due to the Lelong-Jensen formula (Theorem 1). Hence p r (e iθ ) ր α u (e iθ ). Due to the uniform continuity of φ and the formula for P (z, e iθ ), for every θ ∈ [0, 2π] and for every ε > 0 there is δ > 0 such that |P (z, e iθ )| < ε when z is close to boundary and |z − e iθ | > δ and |φ(z) − φ(e iθ )| < ε when |z − e iθ | ≤ δ. Hence, when r is sufficiently close to 0,
where D(e iθ , δ) is the disk of radius δ and center at e iθ and M is the uniform norm of φ on D. Now,
Hence,
, by the monotone convergence theorem,
Thus, since ε is arbitraty,
The proof is complete. The corollary above improves the result of Demailly that the measures µ u,r converge weak- * to µ u in C * (D). The convergence is much stronger indeed.
Convergence of dilations
For 0 < t < 1 we define the dilations of a function f as f t (z) = f (tz). In the classical theory, if f ∈ H p (D) then the H p -norm of f is defined to be the limit of the L p -norms of the dilations as t → 1, that is,
Moreover, the limit on the right converges to the L p -norm of the boundary value function f * as one could expect. Thus we have
* in the L p -norm and so do converge to f in the
lim
Note that here the term "norm" has been abused to indicate
We want to establish the analog of these statements to the new theory. The analog of (4) has been discussed in section 3. We will establish the analog of (3) and (5) in this section.
Proof. If z = re iψ then the Poisson kernel is
If 0 ≤ r < 1 this series converges uniformly in θ and
If k < 0 then the function e −ikθ is the boundary value of ζ |k| where ζ = te iθ while when k ≥ 0 its is the boundary value ofζ |k| where ζ = te iθ . Hence
when k < 0 and
and we see that P (z, e iθ ) dµ u,r (z) dλ(θ).
Given ε > 0, there exists r 0 < 0 such that for r 0 < r < 0, 
